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We consider the mean on-axis far-field (or focal-plane) irradiance of a Gaussian Beam truncated by a circular aperture in the presence of atmospheric turbulence. In the absence of turbulence, we present an accurate analytic approximation for the irradiance distribution that is valid within the main central lobe of the beam. Based on this approximation, we then obtain the mean on-axis farfield irradiance and corresponding turbulence Strehl ratio for the truncated Gaussian beam. By maximizing the on-axis irradiance, we obtain the optimum ratio of the beam diameter to the aperture diameter in the presence of turbulence and present results for the corresponding maximum on-axis irradiance as a function of the strength of turbulence. In particular, for D/r 0 > 1, where D is the aperture diameter, and r 0 is Fried's coherence length, optimum truncation of a Gaussian beam and uniform illumination of a circular aperture (where the same total power is uniformly distributed over the aperture) result in the same on-axis irradiance in the presence of uncompensated turbulence. ^Yj %
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Introduction
In many optical systems employing laser beams that propagate through the atmosphere, it is desirable, for many applications, to obtain maximum far-field (or focal-plane) irradiance, for a given output laser power, on or near the optic axis. Examples of such systems include: optical radars, where one wants to obtain the highest possible signal return; optical communication systems, where one wants to operate under conditions of the highest possible signal-to-noise ratio; and laser systems, where one wants to deliver the highest possible power density to a target. In these systems (and others) one is often concerned with the far-field (or focal-plane) irradiance pattern that is within the central lobe of the transmitted beam, the corresponding much weaker side lobes being of less relative importance. Since the outputs of many laser systems are best approximated by a truncated Gaussian optical field across a circular aperture, a quantitative understanding of the manner in which such a beam propagates through atmospheric turbulence is required for the prediction of the performance of various systems employing lasers. Previous efforts along these lines have required extensive numerical computations 1_ 3 because no analytic results have been available. Here, we develop elementary analytical approximations for the propagation of a truncated Gaussian beam through atmospheric turbulence.
It is assumed that the primary degradation of beam propagation is due to clear air atmospheric turbulence. One of the major degrading effects of atmospheric turbulence on an optical beam is turbulence-induced beam spread and the corresponding reduction of the average irradiance at some (distant) observation plane. 4 We consider uncompensated optical systems and derive expressions for the optimum ratio of the beam diameter (in the transmitting aperture) to the physical aperture diameter that maximizes the corresponding far-field irradiance. Based on this optimum ratio, we then obtain corresponding results for the mean irradiance distribution and maximum mean on-axis irradiance. It is well known that if a focusing lens is placed directly in front of an aperture the angular irradiance pattern in the focal plane is identical to that in the farfield. Thus, the results derived below apply equally as well to the focal plane. As such, the results of this paper will be useful to systems analysts involved with the design of optical systems that operate in the presence of turbulence where adaptive optics turbulence corrections are either impractical or not available for implementation.
In Sec. 2, we present an accurate analytic approximation to the far-field irradiance distribution of a truncated Gaussian beam in the absence of turbulence that is valid within the central lobe of the exact distribution. Based on this approximation, in Sec. 3, we derive a corresponding analytic approximation for the mean irradiance distribution in the presence of turbulence. In Sec. 4, we maximize the mean on-axis irradiance as a function of the ratio of the beam diameter to the truncation diameter and obtain the corresponding maximum mean on-axis far-field irradiance. Previous analysis of the propagation of truncated Gaussian beams through turbulence have been numerical in nature. Thus, the accurate elementary approximations obtained here allow analytic results to be obtained for the optimum mean irradiance distribution in the presence of turbulence, which, in many cases, facilitate the parametric estimation and optimization of overall system performance.
Far-Field Distribution in the Absence of Turbulence
We consider an unobscured aperture of diameter D that truncates a (TEMoo) Gaussian-shaped laser beam of Me 1 intensity radius co 0 and incident power P. In the absence of turbulence, and assuming that the (multiplicative) transmission coefficient due to molecular and particulates equals unity, the irradiance distribution of wavelength X and propagation range z in the far field can be written as
where 1(0), the on-axis irradiance, is given by
A is the area of the aperture (= rcD 2 /4), and G(8), the beam pattern, is given by
where JQ is the Bessel function of the first kind of order zero,
and d = 2co 0 is the l/e 2 intensity beam diameter in the plane of the aperture. In Eq. (2.2), the quantity I u is the on-axis far-field irradiance that is obtained for uniform illumination of the aperture (which is the absolute maximum irradiance obtained under any physical circumstances), and Ftrunc (< 1) g ives th e effects of truncation of the Gaussian beam by the aperture. Increasing the beam diameter to better fill the aperture will decrease the far-field angular pattern, but beyond a certain point will also cause increasing power loss as the beam is truncated by the aperture. For an aperture of fixed diameter D, it is well known 5 that the maximum on-axis far-field irradiance is obtained for d = 0.89D. For this value of d, F trU nc = 0.81. Thus, in the absence of turbulence, the maximum far-field on-axis irradiance is about 81% of what would be obtained if the same total power is uniformly distributed over the circular aperture; this condition occurs for d = 0.89D.
As is shown below, the optimum value of d/D in the presence of turbulence is obtained for d/D < 0.89. For this case, it has been shown 6 that an accurate analytical approximation to the far-field irradiance distribution, IA, which is valid within the main central lobe, is given by I A (6) = I(0)GA (6), (2.8) where 1(0), the on axis far-field irradiance, is given by Eq. (2.2), and 9) where the l/e 2 intensity beam half-width angle, 0 O , is given by -liHif' where b, determined from the requirement that the total integrated far-field irradiance of IA equals the exact value of the transmitted power, is given by b= , ^ ■ (2.11) expl
H-'
The approximate irradiance distribution, IA, gives both the exact on-axis irradiance and total integrated irradiance. In addition, the encircled power distributions are valid to better than about 2%. Over the range of interest (i.e., d/D < 1), the difference between the approximate and the exact distributions are well within the uncertainties that always exist in practice. 
Mean On-Axis Far-Field Irradiance in the Presence of Turbulence
In the presence of uncompensated atmospheric turbulence, the far-field mean irradiance distribution, (1(6)), can be written as 7 (angular brackets denote the ensemble average)
In Eq. (2.1), 1(0), the on-axis irradiance in the absence of turbulence for arbitrary illumination of an aperture, is given by
2)
where I u , the on-axis irradiance for uniform illumination of the aperture, is given by Eq. (2.3), Ftrunc* the effect of aperture truncation, is given by
Additionally, SR, the uncompensated turbulence Strehl ratio, which gives the reduction in on-axis mean irradiance due to turbulence, is given by SR= f K(r)exp(-iD w (r))d 2 r, Jap where k is the optical wave number (27I/X), and C n 2 (s) is the index structure constant profile along the propagation path. In Eq.(3.5), the origin of integration is located in the observation plane. In many cases, the SR (< 1) is used as figure of merit. Values of SR « 1 indicates poor performance, while an SR near unity indicates performance close to that obtained in the absence of turbulence.
Although Eqs. (3.1)-(3.7) apply for arbitrary U 0 , we are interested here in the case where U 0 is of Gaussian shape. In particular, as discussed in Sec.2, for determination of the irradiance distribution of a truncated Gaussian beam, we can replace the truncated Gaussian and the circular aperture and propagate the infinite Gaussian initial optical field given by U 0 (r) = Cexp (Defter (0 <r < oo),
(3.8)
where C is a constant, and D e ff is given in Eq. (2.13). As discussed in Sec. 2, this initial optical field leads to accurate analytical approximations for both the far-field irradiance and encircled power distributions of a truncated Gaussian beam. When the infinite Gaussian wave function given in Eq. For completeness, we note that the turbulence-induced mean irradiance distribution, GT(9) , can be obtained by inserting the multiplicative factor exp(ik9«r) in the integral in the numerator of Eq. Figure 1 reveals, for D/r 0 less than about 2, that the on-axis irradiance has a relatively sharp peak as a function of d/D, and the effects of optimum truncation are rather pronounced. On the other hand, for values of D/r 0 greater than about 3, the corresponding irradiance has a rather broad peak, and the effects of optimum truncation are correspondingly less significant. This is as expected since the effects of uncompensated turbulence produce an irradiance pattern with less detailed structure than the corresponding pattern in the absence of turbulence and with the maxima and minima tending to be averaged out. 
Conclusions
Based on elementary analytical approximations to the far-field irradiance distribution of a truncated Gaussian in the absence of turbulence, we have derived expressions both for the turbulenceinduced mean far-field (or focal-plane) irradiance pattern and corresponding Strehl ratio. The maximum mean on-axis irradiance has then been obtained, as well as the corresponding optimum ratio of the beam diameter to the aperture diameter as a function of the strength of turbulence. For uncompensated turbulence and moderate turbulence strength (i.e., for D/r 0 < 3), the mean on-axis irradiance has a rather pronounced peak about d/D op t, and the results obtained here will have useful applications to uncompensated laser systems that must operate in this regime (e.g., for systems that operate near 10 jxm). 
